We study the interplay of polarization bistability, spontaneous emission noise and aperiodic current modulation in vertical cavity surface emitting lasers (VCSELs). We demonstrate the phenomenon of logic stochastic resonance (LSR), by which the laser gives robust and reliable logic response to two logic inputs encoded in an aperiodic signal directly modulating the laser bias current. The probability of a correct response is controlled by the noise strength, and is equal to 1 in a wide region of noise strengths. LSR is associated with optimal noise-activated polarization switchings (the so-called "inter-well" dynamics if one considers the VCSEL as a bistable system described by a double-well potential) and optimal sensitivity to spontaneous emission in each polarization (the "intra-well" dynamics in the double-well potential picture). The robust nature of LSR in VCSELs offers interesting perspectives for novel applications and provides yet another example of a driven nonlinear optical system where noise can be employed constructively.
Introduction
The vertical-cavity surface-emitting laser (VCSEL) is a type of semiconductor laser that has many advantages which are desirable for communications and signal processing, as compared to conventional ("edge-emitting") devices [1] . VCSELs are more compact, have a lower threshold and a higher modulation bandwidth. However, because of their circular transverse geometry, polarization bistability often occurs, and VCSELs can either emit linearly polarized light (with the polarization direction along one of two orthogonal directions associated with crystalline or stress orientations, referred to as x and y), or display a variety of nonlinear phenomena including stochastic polarization switching, anti-correlated polarization coexistence and elliptical polarization [2] [3] [4] [5] [6] [7] . These phenomena are often considered a drawback, degrading the laser performance; however, they can also be exploited for applications, such as polarization-bistable VCSELs for laser Doppler velocimetry [8, 9] . Recently, polarization-bistable VCSELs were used to built optical buffer memories, in which the bit state of the optical signal, "0" or "1", is stored as a lasing linear polarization state (x or y). Kawaguchi and coworkers [10] [11] [12] have shown experimentally that the polarization state can be transferred from one VCSEL to another VCSEL that is optically connected in cascade, and constructed a 4-bit optical buffer memory by connecting in parallel two such sets of cascade-coupled VCSELs.
In this article we propose a novel method for exploiting polarization bistability in VCSELs, based on the interplay of nonlinearity, bistability and noise. Our work is motivated by a recent article by Murali et al. [13] , who demonstrated that a two-state system with two adjustable thresholds, modeled by a 1D double-well potential, can act as a reliable and flexible logic gate in the presence of an appropriate amount of noise, a phenomenon which was referred to as logical stochastic resonance (LSR). LSR was also recently demonstrated in an electronic circuit [14] and in a resonant tunneling diode [15] .
The polarization dynamics of VCSELs can be qualitatively well understood in the framework of the spin-flip model [16] , which consist of a set of six ordinary differential equations describing the evolution of the real and imaginary parts of two complex optical fields (associated with two orthogonal polarizations) as well as two carrier densities with opposite spin. The predicted polarization behavior, and specifically, the stochastic polarization switching, agrees well with that expected for stochastic switching in a 1D double-well potential [17] . Therefore, one might expect to observe LSR in the polarization of VCSELs.
In this article we perform numerical simulations of the spin-flip model and show that VCSELs operating in polarization bistable regimes can display LSR, which can used to realize VCSEL-based robust logic gates, that give a reliable logic response to two logic inputs, even in the presence of a significant amount of noise. The two logic inputs are encoded in a three-level aperiodic signal directly applied to the laser bias current. Exploiting polarization bistability, one can consider that the laser response is a logic 1 if one polarization is emitted (referred to as x), and a logic 0 if the orthogonal polarization is emitted (referred to as y). Then, the truth table of the fundamental logical operators AND and OR (and their negations, NAND and NOR) can be reproduced and we show that the probability of a correct response is equal to one in a wide range of noise strengths.
This article is organized as follows: Sec. 2 presents the model; in Sec. 3 we show how two logic inputs can be encoded in a three-level aperiodic signal applied directly to the laser bias current. Section 4 presents numerical results that demonstrate that a VCSEL can operate as a logic gate under a suitable amount of noise. Section 5 discusses the reliability of the logic gate. The influence of the success detection criterium, as well as of various model parameters is analyzed. Section 6 presents a summary of the results and the conclusions.
Model
The rate equations for the orthogonal linearly polarized slowly-varying complex amplitudes, E x and E y , the total carrier density, N = N + + N − , and the carrier difference, n = N + − N − (N + and N − being carrier populations with opposite spin) are [16] :
where k is the field decay rate, γ N is the decay rate of the total carrier population, γ s is the spinflip rate, α the linewidth enhancement factor, γ a and γ p are linear anisotropies representing dichroism and birefringence, and μ(t) is the injection current parameter normalized such that the static cw threshold in the absence of anisotropies is at μ th,s = 1. β sp is the coefficient of spontaneous emissions, the spontaneous emission rate being R sp = 4β sp γ N N (i.e., the fraction of the spontaneously emitted photons that goes into the lasing mode), and ξ x,y are uncorrelated Gaussian white noises with zero mean and unit variance. Since we will consider the laser biased above threshold, where the carrier density is clamped, we will approximate N ∼ N 0 = 1 and define the noise strength parameter as D = β sp γ N N 0 . The steady-state solutions of the model correspond to two orthogonal linearly polarized states, referred to as x and y. In certain parameter regions, solutions corresponding to elliptically polarized states also exist [16] . The stability of these solutions determine the polarization of the emitted light. The variation of a parameter, typically the pump current, can result in a change of stability, which in turn can result in a switching from one polarization state to the orthogonal one, a phenomenon known as polarization switching (PS). When scanning the pump current upwards and downwards the PSs occur at different current values, which define the boundaries of a polarization bistable region, as shown in Fig. 1(a) , that displays the polarization resolved light-output characteristic. These boundaries depend, among other parameters, on the noise strength and on the speed of the variation of the pump current [19, 20] .
Near the PS points, stochastic, i.e. noise-induced, switching can also occur. It has been shown that, in spite of the potentially complicated polarization dynamics, key features of the PS (such as the distribution of residence times in each polarization state) can be well understood as stochastic hopping in an effective 1D double-well potential [17] . Figure 1 (b) displays schematically the effective potential associated to the polarization switching scenario shown in Fig. 1(a) . In the low current region [labeled I in Fig. 1(a) ] the laser can only emit the y polarization. The effective potential has only one well [potential labeled I in Fig. 1(b) ]. For increasing pump there is a region of pump current values [labeled II in Fig. 1(a) ] where there is bistability and there is a small probability of emission of the x polarization. The effective potential, labeled II in Fig. 1(b) , is a double-well potential, with a small right well. In this region of pump current values, if the laser emits the x polarization, a weak perturbation or a small amount of noise has a large probability to trigger a PS to the y polarization; but on the contrary, if the laser emits the y polarization, there is only a small probability that a fluctuation will trigger a PS. As the pump increases the switching probabilities vary and at the right boundary of the bistable region [label III in Fig. 1(a) ] the most probable polarization is the x polarization. If the laser emits the y polarization, a weak perturbation or a small amount of noise can trigger a switch to the x polarization. In this region the effective potential is the double-well potential labeled III in Fig. 1(b) , which has a small left well. Finally, for high pump current [region label IV in Fig. 1(a) ], the laser emits the x polarization and the effective potential has only one well [potential labeled IV in Fig. 1 
It is important to remark that the polarization-resolved light-output characteristic, displayed in Fig. 1(a) , represents the laser quasi-static polarization response, as the injection current was varied very slowly compared to the laser characteristic time scales. Therefore, the boundaries of the quasi-static polarization bistability region, and the associated 1D effective potentials, will be a good representation of the dynamic polarization response only at low modulation frequencies, and will fail to describe the laser polarization at high frequencies [18] [19] [20] . To illustrate how the polarization bistability region changes when the variation of the bias current is fast, Fig. 1 (c) displays the polarization resolved light-output characteristic [the same as Fig. 1(a) ], but now μ varies much faster. It can be noticed that the threshold is at a higher value of μ, the laser turns on with relaxation oscillations, the PS for decreasing current disappears (the x polarization remains on until the laser turns off) and the size of the bistability region increases.
Stochastic logic gate implemented via direct modulation of the pump current
In this section we analyze how two logic inputs can be encoded in a three-level aperiodic modulation directly applied to the laser pump current, and how to define the laser logical response.
Let's consider that the pump current parameter, μ(t), is the sum of two aperiodic squarewaves, μ(t) = μ 1 (t) + μ 2 (t), that encode the two logic inputs. Since the logic inputs can be either 0 or 1, we have four distinct input sets: (0, 0), (0, 1), (1, 0), and (1, 1). Sets (0, 1) and (1, 0) give the same value of μ, and thus, the four distinct logic sets reduce to three μ values. Then, it is more convenient to introduce as parameters the mean value, μ 0 , and the amplitude of the modulation, Δμ, which, without loss of generality, determine the three current levels as μ 0 − Δμ, μ 0 , and μ 0 + Δμ.
The laser response is determined by the polarization of the emitted light. We chose parameters such that the laser emits either the x or the y polarization (parameter regions where there is anti-correlated polarization coexistence or elliptically polarized light are avoided). The laser response is considered a logical 1 if, for instance, the x polarization is emitted, and a logical 0, if the y polarization is emitted. Which polarization represents a logic 1, and which a logic 0 can depend on the logic operation, as will be discussed latter.
In this way, the polarization emitted at the three current levels, encoding the four possible combinations of the two logic inputs, allows to implement the operations OR, AND, NOR, NAND, according to Table 1 . One should notice that by detecting one polarization one obtains a logic response and, by detecting the orthogonal polarization, one obtains the negation of that logic response. In the following we focus only on the non-negation operations AND and OR. Table 1 . Relationship between the two inputs and the output of the logic operations.
Logic inputs AND NAND OR NOR
There are two ways to associate the four possible logic inputs, (0,0), (1,0), (0,1), (1,1), to three current levels. The first one is schematically illustrated in Fig. 1(b) . In the presence of a right amount of noise, the levels μ I , μ II , μ III can lead to the operation AND, and levels μ II , μ III , μ IV , to the operation OR.
Let's explain the idea by first considering the operation AND. Assuming that x represents a logical 1 and y represents a logical 0, and assuming that the laser is emitting the y polarization, only the current level μ III [representing the logic input (1,1)] will induce a switch to the x polarization; however, the probability of this switch will be controlled by the noise strength.
Let's now consider the operation OR: if the laser is emitting the y polarization, the current levels μ III and μ IV [representing the inputs (0,1), (1,0) and (1,1)] will both induce a switch to the x polarization. The main idea behind LSR is that the current levels can be chosen such that the probability of the switchings is controlled by the noise strength. Table 2 summarizes the relationship between the logic inputs, the current levels encoding these inputs, the expected laser polarization and its associated logical output.
A main advantage of this scheme is that it allows to switch from AND to OR and vice versa, just by changing the cw value of the injection current, μ 0 , while the modulation amplitude, Δμ, can be kept constant. In other words, an appropriate choice of Δμ, allows switching from regions (I, II, III) represented schematically in Fig. 1(a) , that implement the AND operation, to regions (II, III, IV), that implement the OR operation, by changing μ 0 only. A main drawback is that, for the AND operation, it does not allow very fast modulation. This is due to the fact that, as discussed previously in relation to Fig. 1(c) , under fast modulation the PS for decreasing injection current disappears, and thus, there might be no level μ I for which the y polarization turns on when the current decreases from levels μ II or μ III to μ I . Table 2 . Encoding scheme I: Relationship between the logic inputs, the encoding current levels, the output polarization and the logic output for the AND and OR operations. Table 3 illustrates the second encoding possibility. Here the current levels employed for the AND and for the OR operation are the same (they are those described for the OR operation previously). It should be noticed that for the AND operation the definition of the laser logic response changes: now is a logic 0 if the x polarization is emitted, and a logic 1 if the y polarization is emitted. Also the encoding criterium changes, in the sense that the lower current level μ II encodes the input (0, 0) for the OR operation, while it encodes the input (1, 1) for the AND operation; the highest current level μ IV encodes the input (1, 1) for OR and encodes 
(0, 0) for AND; the middle level μ III encodes (1,0) and (0, 1) for both operations. Because the AND and OR operations are implemented with the same three current levels, this scheme has the advantage of allowing fast modulation in both, AND and OR operations. In the following we will focus on the OR operation as the results apply also for the symmetric AND operation implemented with the second encoding scheme, described in Table 3 .
The shape of the three-level signal directly applied to the laser pump current is shown in Fig. 1(d) : within each modulation bit, the current is constant during a time interval T 1 , referred to as the step time, then, there is a ramp (up or down) to the current level encoding the next bit. The time required for the signal to change from one value to the next (the rise time or the fall time depending on the bit sequence), T 2 , is such that T 2 << T 1 . Each bit begins at the middle of one ramp and finishes at the middle of the next one, as indicated in Fig. 1(d) , and thus the length of the bit is T = T 1 + T 2 . As will be discussed in the next section, the value of T 1 strongly influences the reliability of the VCSEL logic gate, but the value of T 2 does not affect significantly the operation, as long as T 2 T 1 .
Results
The model equations were simulated with the following parameters: k = 300 ns −1 , α = 3, γ N = 1 ns −1 , γ a = 0.5 ns −1 , γ p = 50 rad ns −1 and γ s = 50 ns −1 . As explained before, we chose these parameters not only because they are typically used in the literature [16] , but also, because there is no polarization coexistence or elliptically polarized light, i.e., the laser emits either the x or the y polarization, and the PS from one polarization to the orthogonal one is rather abrupt. As will be discussed later, the operation of the VCSEL-based stochastic logic gate is robust and does not require fine tuning of the parameters. In the following we focus on the logic OR operation and, unless otherwise specifically stated, we use the following parameters for the three-level aperiodic signal: μ 0 = 1.3, Δμ = 0.27, T = T 1 + T 2 = 31.5 ns, T 1 = 31 ns, and T 2 = 0.5 ns. When the time duration of the bit T is varied, T 1 and T 2 are varied such that their ratio is kept constant.
Figures 2(a)-2(c) display the laser response for the same logic input and three values of the noise strength. The three current levels are such that the laser emits one polarization (x) for two of them, while for the third one, it can switch to the orthogonal polarization (y), in the presence of the right amount of noise. Figures 2(d)-2 (f) display a detail of the dynamics to show the effects of the noise and the current modulation in the PS. With weak noise the PS is delayed with respect to the current modulation [ Fig. 2(d) ]; with too strong noise, both polarizations are emitted simultaneously within the same bit [ Fig. 2(f) ]. Therefore, the operation of the VCSEL as a logic gate depends on the noise strength, in good agreement with Ref. [13] .
Analysis of the reliability of the VCSEL logic gate
To evaluate the reliability of the VCSEL-based logic gate we calculate the success probability, i.e., the probability to obtain the desired logic output. For the two logic inputs we generate two random uncorrelated sequences of N bits and compute the success probability, P, as the ratio between the number of correct bits to the total number of bits. In the following, N ≥2 10 . We define that a bit is correct, as follows. When x is the "right" output polarization, we count a bit as correct if a given percentage (say, 80%) or more of the emitted power is emitted in the x polarization; if x is the "wrong" polarization, we count a bit as correct if a given percentage (say, 20%) or less of the emitted power is emitted in the x polarization. Figure 3 (a) displays P as a function of the noise strength, for three success criteria: 80%-20%, 90%-10% and 70%-30%. One can notice that there is a range of noise strengths in which P = 1, and this noise range decreases (increases) when choosing a restrictive (a permissive) threshold for the emitted power in the x polarization. Within this noise range there is optimal noise-activated polarization switchings (the "inter-well" dynamics in the double-well potential picture) and optimal sensitivity to spontaneous emission in each polarization (the "intra-well" dynamics in the double-well potential picture). In the following we fix the success criterium to 80%-20%. It should be noticed that P = 1 occurs for noise strengths D that do not have to be unusually small, on the contrary, they are realistic values for semiconductor lasers, which typically have β sp ∼ 10 −4 .
The success probability depends strongly on the bit time, T , as shown in Fig. 3(b) . Short bits ( 5 ns) prevent logical operations because of the finite time need for the polarization switching. For increasing T , the success probability grows monotonically until it saturates at P = 1 for long enough bits, for which the PS time is T . The interplay between the duration of the bit and the noise strength is illustrated in Fig. 3(c) and can be interpreted as follows. The time needed to escape from a potential well decreases with increasing noise [21] . Then, for weak noise, as D increases the escape time decreases and the probability of a correct response grows. On the other hand, too strong noise results in spontaneous emission in both polarizations and thus, for large enough noise, the power emitted in the "wrong" polarization grows above the threshold for detecting the response as correct, and thus, above a certain noise level the success probability decreases monotonously. The dependence of the success probability on the noise strength is due to the interplay of noise-induced escapes (inter-well stochastic dynamics) and spontaneous emission noise in the two polarizations (intra-well stochastic dynamics). Figure 4(a) displays the success probability in the plane (D, μ 0 ), for constant bit length and modulation amplitude. It can be seen that for small μ 0 logic operations can not be obtained for any noise strength. Above μ 0 ∼1.27, there is a noise range in which P suddenly grows to 1. This value of μ 0 is such that μ II ≥ μ th,s = 1, i. e. the lasing threshold. As μ 0 increases the noise region where P = 1 decreases until it disappears, due to the fact that for large μ 0 the x polarization is stable in the three current levels, and switches to the y polarization are rare. Figure 4 (b) displays the success probability in the (T , μ 0 ) plane, keeping fixed the noise strength and modulation amplitude. It can be seen that P = 1 occurs when T is long enough and μ 0 is within a range of values that depends on T . As discussed in relation to Fig. 4(a) , if μ 0 is too small the current level μ II is at the lasing threshold or below and the y polarization turns-on slowly or does not turn on at all, depending on the modulation speed (if T is too small the y polarization does not turn on); on the other hand, if μ 0 is too large, then the x polarization is stable in the three current levels and the y polarization rarely turns on.
Next, let us consider the influence of the modulation amplitude, Δμ. Figure 5 (a) displays the success probability in the (D, Δμ) plane, keeping constant the bit length and the modulation cw value. If Δμ is small the laser emits the same polarization in the three current levels and the success probability is small, regardless of the noise strength. As Δμ increases there are polarization switchings and P increases, allowing for the correct logic response in a finite range of noise strengths. For large Δμ, P decreases abruptly to small values, and this is again because the lowest current level is at threshold or below threshold [one can notice the similarities between Figs. 4(a) and 5(a)]. Similar considerations can be done in relation to Fig. 5(b) , that displays the success probability in the (T , Δμ) plane, keeping constant the noise strength and the modulation cw value. The step time, T 1 , and the rise/fall time, T 2 , are important parameters to obtain a correct logic response. In Fig. 6(a) we show the probability of success as a function of T 1 and T 2 . P = 1 requires that T 1 >> T 2 (notice the vertical logarithmic scale). Furthermore, exist a minimum value of T 1 ∼10 ns above which the probability of success grows to 1.
In practical applications, a VCSEL is often submitted to unwanted optical feedback due to external reflections. If the laser is sensitive enough, even a weak amount of reflected light can induce instabilities. To test the reliability of the LSR under the influence of a weak external reflection, we included optical isotropic feedback in the model equations as in [22] , and in Fig. 6(b) we present the results. By plotting the success probability in the parameter space (feedback strength, noise strength) we can see that the logic response is robust for weak feedback but the optimal response decreases progressively for increasing feedback strength. We conclude this section with a discussion of the influence of various laser parameters. As it was previously mentioned, the logic stochastic resonance is a robust phenomenon in the sense that it occurs in parameter regions where the polarization switching is abrupt, and does not display polarization oscillations or coexistence. Figure 7 (a) displays the success probability in the plane (γ p , γ a ). For negative or low linear dichroism, γ a , only the x polarization is emitted. A probability equal to 1 is achieved in a region of positive γ a values, and in a broad range of birefringence values, γ p . Figure 7 (b) displays the success probability in the plane (γ s , γ p ), and it can be seen that there is a wide region in which the success probability is equal to 1, provided that γ s ≤ 100. For large spin-flip rate, γ s , only the polarization y is emitted and for small γ s both polarizations are emitted simultaneously. Finally, Fig. 7(c) displays the success probability in the plane (γ s , γ a ) where also a parameter region can be seen where P = 1.
Discussion and conclusion
To conclude, we have shown that a VCSEL can operate as a logic gate with a success probability equal to 1 in a wide region of noise strengths, which makes the VCSEL logic gate attractive for applications in systems subjected to noisy backgrounds.
The phenomenon is based on logic stochastic resonance (LSR) and can be well understood in the framework of the simple effective double well potential model for the two orthogonal polarizations emitted by the laser in a certain range of injection currents. The three levels of the pump current aperiodic signal that encode the four possible combinations of the two logic inputs are chosen such that the laser emits one polarization for two of them, while for the third one, it can switch to the orthogonal polarization, in the presence of the right amount of noise. Thus, the successful operation of a VCSEL as an stochastic logic gate is associated with optimal noise-activated polarization switchings (the "inter-well" dynamics) and optimal sensitivity to spontaneous emission in each polarization (the "intra-well" dynamics) leading a range of optimal noise strength.
Our study has been based on the "bare" spin-flip model, which does not take into account several mechanisms that could be very relevant for the efficiency of current modulation to induce polarization switching (e.g., thermal effects, the excitation of higher-order transverse modes, carrier diffusion, etc. [23, 24] ). The spin-flip model was recently extended to take into account temperature variations [25] , and the study of the interplay of temperature and transverse spatial effects, based on the extended spin-flip model, is a natural continuation of the present work, that is left for future work. We think that these effects will not change the main conclusions of this work, but, since thermal effects are slow, they will probably increase the minimum bit time needed for achieving successful polarization switchings.
The mechanism underlying LSR has some similarities with that proposed in Ref.
[26] for localizing a Brownian particle in one well of a symmetric bistable potential through the simultaneous action of two periodic inputs (one tilting the minima and the other one modulating the barrier height), and a random input. In Ref. [26] it was shown that the nonlinear mixing of these zero-mean signals was capable of localizing a Brownian particle in one well, and this could be a mechanism for controlling the polarization state of the light emitted by a VCSEL.
LSR also resembles the aperiodic stochastic resonance phenomenon, by which there is noiseassisted transmission of binary information [27, 28] , and the information transmission, measured by the bit-error rate, exhibits a resonant-like behavior as a function of the noise strength.
The constructive role of noise in optical systems is nowadays a hot topic of research. Nonlinear self-filtering and amplification of noisy images, the with amplification occurring at the expense of noise through nonlinear coupling, was recently demonstrated in a self-focusing photorefractive medium [29] . The underlying mechanism (the energy exchange between the signal and the noise via nonlinear mixing), depends on the system parameters and thus noise-assisted image recovery represents a novel type of dynamical stochastic resonance.
Our proposed implementation of a stochastic logic gate via a polarization-bistable VCSEL thus provides yet another example of the nontrivial and constructive role of noise in nonlinear optical systems. An attractive advantage of the VCSEL stochastic logic gate for practical applications is the relatively short bit time needed to produce the correct operation with probability equal to 1 (in our simulations, about 30-40 ns). In addition, the VCSEL stochastic logic gate is robust to stochastic external perturbations, in the sense that there is a wide range of realistic noise strengths in which the devise gives a reliable and correct logic response. Moreover, its operation is also robust to variations of the laser parameters, in the sense that it does not require fine tuning of the parameters, but rather, there is a wide region of parameter values where the laser gives the correct logic response with P = 1.
